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ABSTRACT: Because the standard Gibbs energies of formation of all the species of reactants in the glyoxylate
cycle are known at 298.15 K, it is possible to calculate the apparent equilibrium constants of the five
reactions in the cycle in the pH range 5-9 and ionic strengths from 0 to∼0.35 M. In making calculations
on such a system, it is convenient to specify concentrations of coenzymes like NADox and NADred because
they are involved in many reactions and may be in steady states. Calculations are given for [NADox] )
1000[NADred] and [NADox] ) 10[NADred]. Equilibrium compositions are calculated using computer
programs when all the reactants are present initially and when only glyoxylate and CoA are present initially.
The kinetics of the reactions in the glyoxylate cycle at specified concentrations of NADox and NADred are
calculated by numerical solution of the steady-state rate equations for the case where the reactant
concentrations are below their Michaelis constants and only glyoxylate and CoA are present initially.

To understand how living cells work, it is not enough to
know the thermodynamics and kinetics of individual enzyme-
catalyzed reactions because these reactions have to work
together in a network of series and cycles of reactions.
Thermodynamics can make major contributions to this
understanding because it can do two things: (1) For a system
involving many reactions, thermodynamics can tell whether
each reaction will go to the right or left when the concentra-
tions of all the reactants are known. (2) For such a system,
thermodynamics can predict the composition that will be
reached at equilibrium. To study the kinetics of the approach
to equilibrium, steady-state rate equations for the enzyme-
catalyzed reactions can be solved numerically. Both the
thermodynamics and kinetics of enzyme-catalyzed reactions
are based on the assumption that hydrogen ions are added
to the solution or neutralized to hold the pH constant. The
steady-state rate equations must include rate parameters for
both the forward and reverse reactions. The equilibrium
composition calculated by solving the rate equations must
agree with the equilibrium composition calculated using
thermodynamics. In the calculations presented here, it is
assumed that the concentrations of NADox and NADred

1 are
constant because they are involved in many other reactions.
Calculations are presented for oxidizing conditions ([NADox]
) 1000[NADred]) and less oxidizing conditions ([NADox] )
10[NADred]).

The simplest example of a steady-state rate equation
including both the forward and reverse reactions is the
Michaelis-Menten rate equation for the reaction S) P, for
which the rateV of reaction is given by

whereKS andKP are the Michaelis constants for the forward

and reverse reactions andVS andVP are the limiting velocities
of the forward and reverse reactions. At substrate concentra-
tions significantly below the Michaelis constants for S and
P, the steady-state rate equation reduces to

The apparent equilibrium constantK′ for the catalyzed
reaction at a specified pH is given by the Haldane relation

This is quite remarkable because all of the kinetic parameters
depend on the properties of the enzyme, butK′ is completely
independent of the properties of the enzyme. IfVS/KS and
K′ are known,VP/KP can be calculated. At sufficiently low
reactant concentrations, the rate of the forward reaction is
proportional to [S] and the enzyme concentration, and the
rate of the reverse reaction is proportional to [P] and the
enzyme concentration. In this paper, eqs 2 and 3 are used in
the formV ) kf[S] - kr[P] andK′ ) kf/kr. When the steady-
state concentrations of NADox and NADred are specified,K′′
will be used instead ofK′.

The steady-state rate equation for a rapid-equilibrium
random-order ternary-complex mechanism for the reaction
A + B ) C + D is (1,2)

whereVAB andVCD are proportional to the enzyme concen-
tration and the other constants will be referred to here as
Michaelis constants. At substrate concentrations significantly
below the Michaelis constants
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1 Abbreviations: NADox, nicotinamide adenine dinucleotide oxidized
form; NADred, nicotinamide adenine dinucleotide reduced form; malate,
L-malic acid.

V )
(VS/KS)[S] - (VP/KP)[P]

1 + [S]/KS + [P]/KP

(1)

V ) (VS/KS)[S] - (VP/KP)[P] (2)

K′ ) [P]eq/[S]eq ) VSKP/VPKS (3)

V )

(VAB/KAB)[A][B] - (VCD/KCD)[C][D]

1 + [A]/ KA + [B]/KB + [C]/KC + [D]/KD + [A][B]/ KAB + [C][D]/ KCD

(4)
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The apparent equilibrium constantK′ for the catalyzed
reaction is given by the Haldane relation

In the calculations discussed here, it is assumed that the rate
equations at substrate concentrations significantly below the
Michaelis constants are of the general form of eqs 2 and 5.
Rate equations may be more complicated than eqs 1 and 4,
but there is always a Haldane relation of the type shown
here. Equations 5 and 6 will be used in the formV ) kf[A]-
[B] - kr[C][D] and K′ ) kf/kr.

METHODS

1. Calculations of Equilibrium Constants in the Glyoxylate
Cycle.The reactions in the glyoxylate cycle are (3)

The net reaction is

Because the standard thermodynamic properties of the
species of all these reactants are in BasicBiochemData3 (4),
it is possible to use the program calckprime (5) in Math-
ematica (6) to calculate the apparent equilibrium constants
K′ of these five reactions at 298.15 K, in the pH range 5-9,
and at 0.25 M ionic strength. Values of these apparent
equilibrium constants using molar concentrations are shown
in Table 1.

It is evident that reaction 8 does not go very far to the
right. To accomplish the net reaction, it is pushed by reaction
7 and pulled by reaction 9. Note that

In calculating equilibrium concentrations and kinetics for
systems of reactions, it is convenient to specify concentra-
tions of coenzymes like NADox and NADred because they
are involved in many reactions and are usually in steady
states. When [NADox] ) 1000[NADred] (oxidizing condi-
tions) or [NADox] ) 10[NADred] (less oxidizing conditions),
the five reactions in the glyoxylate cycle can be represented
as follows:

The net reaction is

Note that H2O has been omitted because its concentration is
not in the expressions for the apparent equilibrium constants
or the rate equations. The eight reactants (excluding [NADox]
and [NADred]) have been numbered because they are referred
to by integers in rate equations given later.

When steady-state concentrations are specified for some
reactants, it is necessary to use the symbolK′′ for the
apparent equilibrium constants, rather thanK′, to indicate
that some reactant concentrations are specified in addition
to the pH. When [NADox] ) 1000[NADred], K15′′ ) 8.87×
10-3 at 298.15 K, pH 7, and 0.25 M ionic strength, rather
than 8.87× 10-6 in Table 1, butK′′ ) K′ for the other
reactions. When [NADox] ) 10[NADred], K15′′ ) 8.87 ×
10-5. The apparent equilibrium constantsK′′ for the five
reactions that are used in the calculation of equilibrium
concentrations are given in Table 2.

These rate constants are discussed later where changes will
be made inkf andkr for reactions 14 and 16. The apparent
equilibrium constant for the net reaction is given by the
following equation:

When [NADox] ) 1000[NADred], K19′′ ) 8.67× 1012; when
[NADox] ) 10[NADred], K19′′ ) 8.67× 1010.

2. Calculation of Equilibrium Concentrations in the
Glyoxylate Cycle When All the Reactants are Initially Present
at 10-3 M. Equilibrium concentrations for systems of
reactions cannot be calculated analytically, but they can be
calculated using the Newton-Raphson iteration method. In
1978, Krambeck (7) wrote the computer program equcalc
in APL to carry out this calculation for a reaction system of
ideal gases at a specified pressure. Later, he modified it to
apply to reactions in ideal solutions and named it equcalcc.
This program requires the conservation matrix for the system.
Krambeck adapted this program to Mathematica. However,
the program equcalcc cannot be used for reactions involving
H2O (as in reactions 7 and 9) because [H2O] is not included
the expression for the apparent equilibrium constant. This
problem is solved by use of the program equcalcrx, which
uses the stoichiometric number matrix for the reaction system
(8). The program equcalcrx calculates an appropriate sto-
ichiometric number matrix and calls on equcalcc to calculate
the equilibrium composition. These programs are available
in BasicBiochemData3 (4), Thermodynamics of Biochemical
Reactions (9), and Biochemical Thermodynamics: Applica-
tions of Mathematica (10).

The transposed stoichiometric matrix for the glyoxylate
cycle at specified NADox and NADred is given in Table 3.
Note that H2O is omitted.

V ) (VAB/KAB)[A][B] - (VCD/KCD)[C][D] (5)

K′ ) [C]eq[D]eq/[A] eq[B]eq ) VABKCD/VCDKAB (6)

EC 2.3.3.9 glyoxylate+ acetyl-CoA+ H2O a

malate+ CoA (7)

EC 1.1.1.37 malate+ NADox a

oxaloacetate+ NADred (8)

EC 2.3.1.1 oxaloacetate+ acetyl-CoA+ H2O a

citrate+ CoA (9)

EC 4.2.1.3 citratea isocitrate (10)

EC 4.1.3.1 isocitratea succinate+ glyoxylate (11)

2acetyl-CoA+ NADox + 2H2O a

succinate+ 2CoA + NADred (12)

K7′K8′K9′K10′K11′ ) K12′ (13)

EC 2.3.3.9 glyoxylate(1)+ acetyl-CoA(2)a
malate(3)+ CoA(4) (14)

EC 1.1.1.37 malate(3)a oxaloacetate(5) (15)

EC 2.3.1.1 oxaloacetate(5)+ acetyl-CoA(2)a
citrate(6)+ CoA(4) (16)

EC 4.2.1.3 citrate(6)a isocitrate(7) (17)

EC 4.1.3.1 isocitrate(7)a
succinate(8)+ glyoxylate(1) (18)

2acetyl-CoAa succinate+ 2CoA (19)

K14′′K15′′K16′′K17′′K18′′ ) K19′′ (20)
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Many types of equilibrium calculations can be made for
a system like the glyoxylate cycle. The initial concentrations
can be taken to be the same for the eight reactants, only
several reactants may be present initially, and [NADox]/
[NADred] can be changed. Here, equilibrium concentrations
are calculated first when the initial concentrations of the eight
reactants are 10-3 M and second when only glyoxylate and
acetyl-CoA are present initially at 10-3 M. Table 4 gives
the calculated equilibrium concentrations with oxidizing
conditions ([NADox] ) 1000[NADred]) and with less oxidiz-
ing conditions ([NADox] ) 10[NADred]).

Note that, under oxidizing conditions, there is more
glyoxylate at equilibrium than under less oxidizing condi-
tions. There are also big changes in the concentrations of
oxaloacetate, citrate, and isocitrate in the expected directions.

These calculated equilibrium concentrations can be tested
by using them to calculate the apparent equilibrium constants
of the five reactions. The apparent equilibrium constants can
be calculated by using the dot product of the vector lnc of
natural logarithms of the equilibrium concentrations of the
eight reactants and the stoichiometric number matrixV′′.

The equilibrium concentrations in Table 4 satisfy this test.
3. Calculation of Equilibrium Concentrations in the

Glyoxylate Cycle When Only Glyoxylate and Acetyl-CoA are
Initially Present at 10-3 M. The equilibrium composition can
also be calculated when only several reactants are present
initially. Table 5 gives the equilibrium composition when
only glyoxylate and acetyl-CoA are present initially and there
are oxidizing conditions or less oxidizing conditions.

4. Calculation of Reactant Concentrations in the Glyoxy-
late Cycle as Functions of Time with Oxidizing Conditions.
The built-in Mathematica object NDSolve provides numerical
solutions to systems of differential equations. The eight
steady-state rate equations for the glyoxylate cycle (reactions
14 to 18) are typed in, and the initial concentrations of the
reactants are also typed in as shown in the Appendix.
NDSolve yields interpolation functions for the concentrations
of the eight reactants that can be plotted or tabulated.

These calculations are made for the case that glyoxylate
and acetyl-CoA are present initially at 10-3 M in a buffer at
298.15 K, pH 7, and 0.25 M ionic strength. For Figures 1
and 2, [NADox] ) 1000[NADred] is maintained during the
reaction. The ratio of the rate constants for the forward and

Table 1: Apparent Equilibrium ConstantsK′ of Reactions 7-12 at 298.15 K, in the pH Range 5-9, and at 0.25 M Ionic Strength

reaction pH 5 pH 6 pH 7 pH 8 pH 9

7 3.18× 106 2.25× 107 2.31× 108 3.83× 109 1.92× 1011

8 5.98× 10-8 8.50× 10-7 8.87× 10-6 8.91× 10-5 8.91× 10-4

9 3.13× 106 8.51× 106 6.97× 107 1.13× 109 5.63× 1010

10 0.0886 0.0687 0.0684 0.0684 0.0684
11 0.411 0.748 0.887 0.906 0.908
12 1.67× 104 8.35× 106 8.67× 109 2.39× 1013 5.98× 1017

Table 2: Apparent Equilibrium Constants and Rate Constants at 298.15 K, pH 7, and Specified [NADox]/[NAD red] That Are Used in
Calculations of Equilibrium Concentrations

[NADox] ) 103[NADred] [NAD ox] ) 10[NADred]

reaction K′′ kf kr K′′ kf kr

14 2.31× 108 1 4.33× 10-9 2.31× 108 1 4.33× 10-9

15 8.87× 10-3 1 113 8.87× 10-5 1 1.13× 104

16 6.97× 107 1 1.43× 10-8 6.97× 107 1 1.43× 10-8

17 0.0684 1 14.6 0.0684 1 14.6
18 0.887 1 1.13 0.887 1 1.13

Table 3: Transposed Stoichiometric Number Matrix for Reactions 14-18

reaction glyoxylate acetyl-CoA malate CoA oxaloacetate citrate isocitrate succinate

14 -1 -1 1 1 0 0 0 0
15 0 0 -1 0 1 0 0 0
16 0 -1 0 1 -1 1 0 0
17 0 0 0 0 0 -1 1 0
18 1 0 0 0 0 0 -1 1

Table 4: Equilibrium Concentrations at 298.15 K, pH 7, 0.25 M
Ionic Strength and when the Eight Reactants are Initially at 10-3 M

reactant
initial

concn/M

concn/M
[NADox] )

1000[NADred]

concn/M|
[NADox] )
10[NADred]

glyoxylate 10-3 1.00× 10-3 1.36× 10-4

acetyl-CoA 10-3 3.38× 10-11 3.09× 10-10

malate 10-3 3.92× 10-3 4.86× 10-3

CoA 10-3 2.00× 10-3 2.00× 10-3

oxaloacetate 10-3 3.48× 10-5 4.31× 10-7

citrate 10-3 4.09× 10-5 4.64× 10-6

isocitrate 10-3 2.80× 10-6 3.17× 10-7

succinate 10-3 2.48× 10-3 2.07× 10-3

K′′ ) exp[lncV′′] (21)

Table 5: Equilibrium Concentrations at 298.15 K, pH 7, 0.25 M
Ionic Strength and when Glyoxylate and Acetyl-CoA Are Initially
Present at 10-3 M

reactant
initial

concn/M

concn/M
[NADox] )

1000[NADred]

concn/M
[NADox] )
10[NADred]

glyoxylate 10-3 4.55× 10-4 1.35× 10-4

acetyl-CoA 10-3 5.12× 10-12 2.78× 10-11

malate 0 5.38× 10-4 8.65× 10-4

CoA 0 1.00× 10-3 1.00× 10-3

oxaloacetate 0 4.77× 10-6 7.67× 10-8

citrate 0 1.70× 10-6 1.49× 10-7

isocitrate 0 1.16× 10-7 1.02× 10-8

succinate 0 2.27× 10-4 6.72× 10-5
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reverse reactions of each enzyme-catalyzed reaction must
satisfy the following expression for the apparent equilibrium
constant:K′′ ) kf/kr. This ensures that the correct equilibrium
concentrations will be approached at long times. Thekf and
kr are proportional to enzyme concentrations; thus, enzyme
concentrations can be selected so that equilibrium is reached
in approximately 50 000 units of arbitrary time. In order to
accomplish this, the forward and reverse rate constants for
both reactions 14 and 16 are multiplied by 109 so that there
will not be any rate constants in the system less than unity.
If this is not done, it takes much longer to get close to
equilibrium. For Figures 1 and 2, the forward rate constants
kf for reactions 14-18 are taken to be 109, 1, 109, 1, and 1.
The reverse rate constantskr are taken to be 4.33, 113, 14.3,
14.6, and 1.13. These rate constants satisfyK′′ ) kf/kr. This
means that reaction 14 occurs very rapidly to produce
stoichiometric amounts of malate and CoA. Thus, the system
reaches equilibrium in two stages. In the first stage, glyoxy-

late and acetyl-CoA react to form malate and CoA. In the
second stage, malate is essentially the initial reactant, and
CoA remains at its equilibrium concentration because it is
not involved in any forward reaction.

The concentrations of the reactants in the first stage are
shown as functions of time up to 5× 10-6 arbitrary units of
time in Figure 1.

The concentrations of four reactants in the second stage
of the reaction are shown in Figure 2. The concentrations of
the other four reactants are too low to show in plots on this
concentration scale, but they can be calculated from the
solution of NDSolve and do satisfy the equilibrium expres-
sions at long times. Figure 2 shows that glyoxylate is formed
in reaction 18 because of the cyclic nature of this mechanism
and builds up to 4.55× 10-4 M at equilibrium. Malate is
reduced to 5.38× 10-4 M at equilibrium, and succinate is
formed to the extent of 2.27× 10-4 M at equilibrium. The
solution of the rate equations shows that, at much longer

FIGURE 1: Concentrations of four reactants in the first stage of the glyoxylate cycle at 298.15 K, pH 7, and 0.25 M ionic strength under
oxidizing conditions ([NADox] ) 1000[NADred]).

FIGURE 2: Concentrations of four reactants in the second stage of the glyoxylate cycle at 298.15 K, pH 7, and 0.25 M ionic strength under
oxidizing conditions ([NADox] ) 1000[NADred]).

Glyoxylate Cycle Biochemistry, Vol. 45, No. 51, 200615841



times (of the order of 50 000 units of arbitrary time), the
equilibrium concentrations of all reactants are equal to those
calculated using equcalcrx and are shown in Table 5. Net
reaction 19 suggests that the amount of succinate at equi-
librium should be half of the initial amount of acetyl-CoA,
but it is significantly less. The initial amount of carbon in
the system (excluding CoA) is distributed between glyoxy-
late, malate, and succinate at equilibrium. This is a kind of
warning about the significance of net reactions for cycles.

Also note that eq 20 at specified concentrations of [NADox]
and [NADred] can be written as

whereK19′′ ) 8.67× 1012 when [NADox] ) 1000[NADred].
5. Calculation of Reactant Concentrations in the Glyoxy-

late Cycle as Functions of Time with Less Oxidizing
Conditions.As in the previous section,kf andkr for reactions
14 and 16 have been multiplied by 109 so that the rate
constants used in the calculations are all greater than unity.
Thus, the forward rate constants for the five reactions are
109, 1, 109, 1, and 1, the same as in the preceding calculation.
The reverse rate constants are 4.33, 1.13× 104, 14.3, 14.6,
and 1.13, different from the preceding calculation. Therefore,
the system reaches equilibrium in two stages. In the first
stage, glyoxylate and acetyl-CoA react to form malate and
CoA. In the second stage, malate is essentially the initial
reactant, and CoA remains at its equilibrium concentration
because it is not involved in any forward reaction. The
kinetics for the first stage is the same as under oxidizing
conditions; thus, it is not necessary to recalculate Figure 1.

The apparent equilibrium constantK′′ for reaction 15 is
now smaller by a factor of 100; thus, there will be much
lower concentrations of oxaloacetate at equilibrium. This is
a result of the less oxidizing conditions. The concentrations
of four reactants in the second stage of the reaction are shown
in Figure 3. The concentrations of the other four reactants
are too low to show in plots on this concentration scale, but

they can be calculated from the solution of NDSolve and do
satisfy the equilibrium expressions at long times. Because
oxaloacetate does not build up, more malate remains at
equilibrium and less glyoxylate is formed at equilibrium. The
initial amount of carbon in the system (excluding CoA) is
distributed between glyoxylate, malate, and succinate at
equilibrium. Note that, for this case, eq 22 yields 8.67×
1010 for the net reaction, compared with 8.67× 1012 for the
oxidizing conditions.

DISCUSSION

The glyoxylate cycle is a good example for the calculation
of the thermodynamics and kinetics of a biochemical reaction
system because of the complications that it involves. It is a
cyclic system; thus, the net reaction does not give a very
useful description of the equilibrium concentrations. The
glyoxylate cycle involves coenzymes so that oxidizing
conditions can be compared with less oxidizing conditions.
A wide range of apparent equilibrium constants is involved,
and a wide range of rate constants is involved.

The kinetics of the approach to equilibrium in a system
of reactions like the glyoxylate cycle depends on the
concentrations of the five enzymes, the kinetic parameters
for the forward and reverse reactions that they catalyze, and
the initial composition. At low substrate concentrations, the
rates of the forward and reverse reactions are proportional
to the concentrations of reactants. When Michaelis constants
and other kinetic parameters are known for a system of
reactions, additional terms can be put into the steady-state
rate equations. Note that the denominator terms in the rate
law always reduce the rate and that this can be compensated
for by raising the enzyme concentration. The limiting
concentrations at long times have to yield the correct apparent
equilibrium constants for the catalyzed reactions.

The thermodynamic treatment given here does assume that
the cycle has reached equilibrium, but this shows where the
system is headed. If reactants are being input and products
are being withdrawn, equilibrium will not be reached and

FIGURE 3: Concentrations of four reactants in the second stage of the glyoxylate cycle at 298.15 K, pH 7, and 0.25 M ionic strength under
more reducing conditions ([NADox] ) 10[NADred]).

k14f

k14r

k15f

k15r

k16f

k16r

k17f

k17r

k18f

k18r
) K19′′ (22)
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reactants will have higher concentrations and products will
have lower concentrations than the equilibrium concentra-
tions. With information on inputs and outputs, steady-state
concentrations can be calculated. If actual enzyme concentra-
tions and limiting velocities for these enzymes are known,
calculations can be made using this information, but the
calculations given here shown the main features as to how
this cyclic system approaches equilibrium.

Different initial concentrations of reactants can be studied.
Effects of pH and ionic strength and concentrations of
coenzymes can be studied. These effects are too complicated
to be summarized, but with the rate equations in a computer,
it is easy to change all these variables.

Frieden and co-workers (11, 12) have made available the
computer program KINSIM to calculate the concentrations
of species in enzyme mechanisms as functions of time, given
the rate constants.
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APPENDIX

Typing the following input into Mathematica yields the
concentrations of the eight reactants fromt ) 10 tot ) 5000
when the eight reactants are initially at 10-3 M. The use of
Plot yields the plots in Figure 2.
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BI061829E

eqns3) {c1′[t] )) -(10ˆ9)*c1[t]*c2[t] +
4.33*c3[t]*c4[t] + c7[t] - 1.13*c8[t]*c1[t]

c2′[t] )) -(10ˆ9)*c1[t]*c2[t] + 4.33*c3[t]*c4[t] -
(10ˆ9)*c5[t]*c2[t] + 14.3*c4[t]*c6[t]

c3′[t] )) (10ˆ9)*c1[t]*c2[t] - 4.33*c3[t]*c4[t] -
c3[t] + 113*c5[t]

c4′[t] )) (10ˆ9)*c2[t]*c5[t] - 14.3*c4[t]*c6[t] +
(10ˆ9)*c1[t]*c2[t] - 4.33*c3[t]*c4[t]

c5′[t] )) c3[t] - 113*c5[t] - (10ˆ9)*c5[t]*c2[t] +
14.3*c4[t]*c6[t]

c6′[t] )) (10ˆ9)*c2[t]*c5[t] - 14.3*c4[t]*c6[t] -
c6[t] + 14.6*c7[t]

c7′[t] )) c6[t] - 15.6*c7[t] + 1.13*c1[t]*c8[t]

c8′[t] )) c7[t] - 1.13*c1[t]*c8[t],

c1[0] )) 1.*10ˆ-3, c2[0])) 1.*10ˆ-3, c3[0]))
0, c4[0])) 0, c5[0])) 0, c6[0])) 0, c7[0])) 0,

c8[0] )) 0}

vars) {c1[t], c2[t], c3[t], c4[t], c5[t], c5[t], c7[t], c8[t]}
solution15) NDSolve[eqns3, vars,{t, 10, 5000}]

Plot[Evaluate[vars /. solution15],
{t, 10, 5000}, AxesLabel -> {“t”, “conc./M” }]
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